This paper presents a new model and solution procedure for a problem that arises in configuring package sorting centers that perform multiple automated sorts per day. For a given set of loading bays, the first objective is to assign destinations to consecutive doors so that the number of changes of destination-todoor assignments from one sort to the next is minimized. The second and third objectives are to minimize the number of loaders who work the doors and to evenly distribute the volume of packages assigned to each loader. A variety of constraints vastly complicates these assignments and leads to a mixed-integer programming (MIP) model, which we significantly strengthened with structurally derived cuts. A novel feature of the formulation is the use of pattern variables to represent the door assignments. Taking a multiobjective programming approach, solutions are obtained by solving a series of MIPs, each addressing one of the three objectives. The effectiveness of our approach is demonstrated using data provided by a well-known package carrier for 24 workcenters in four facilities. An additional contribution is a complexity analysis of the destination-to-door and the loader-to-door assignment subproblems. Both are shown to be strongly NP-hard. We also examine special cases of the loader subproblem and develop polynomial time algorithms for them.
the second, the assignment of loaders to doors for each of the four shifts. Once these decisions are made, they generally remain in force for months, but are adjusted seasonally as well as when there is a noticeable change in demand.
The corresponding problem is highly combinatorial but simplifies somewhat due to the design and layout of the material handling system. In particular, it decomposes by workcenter but remains difficult due to a series of practical and physical constraints and the need to address the following three objectives in a hierarchical manner: (i) minimize the number of changes in destination-to-door assignments ("switches") from one shift to the next, (ii) minimize the number of workers, called loaders, required to load the trailers, and (iii) balance the workload amongst the loaders. The first objective is critical because modifying destinations at doors requires significant managerial oversight, and is prone to error and delays, as explained shortly.
With these objectives in mind, the main contribution of this paper is the presentation of a new model for the integrated destination-loader-door assignment problem (DLDAP) and an efficient hierarchical optimization scheme for finding high-quality solutions. A second contribution centers on the determination of the theoretical complexity of the individual destination-door and loader-door assignments subproblems, which can be extended to any two-tier assignment problem with similar characteristics. Finally, we also provide polynomial-time algorithms for the latter subproblem for two simplified cases where the destination order on each sort is specified.
In Section 2, we provide an overview of related literature, while in Section 3, we describe the DLDAP in more detail focusing on a specific facility. This is followed in Section 4 with our complexity results for the two subproblems that define the DLDAP, and a summary discussion of the complexity of two special cases of the loader-door assignment subproblem (LDAP). In Section 5 the full mixed-integer programming model for the DLDAP is presented, followed in Section 6 with the details of our hierarchical solution procedure that treats each objective in sequence. Constraints are added to the second and third problems to limit the degree to which optimal values previously obtained can be relaxed. In Section 7 we highlight the computational results for the DLDAP, and show that optimal or near-optimal solutions for 24 representative instances reflecting current practice can be obtained in reasonable time. We close with an assessment of the approach and suggestions for future research. Appendix A provides additional details on the complexity analysis.
Related Literature
In previous work, we investigated equipment requirements at U.S. Postal Service mail processing and distribution centers (P&DCs) and developed weekly operational schedules (Jarrah et al. 1994a , Zhang and Bard 2005 . In a complementary effort, we designed procedures for structuring the permanent workforce (Jarrah et al. 1994b , Bard et al. 2003 and for providing weekly updates with respect to overtime and the use of casual labor to meet fluctuating demand (Wan and Bard 2007) . In this paper, we concentrate on planning destination and loader assignments for the workcenters at the automated sorting hubs of package delivery carriers. The logistics required for package delivery are different in their details from those required for mail handling, primarily due to the significant differences in the physical characteristics of packages and regular mail.
While this is the first paper to address the DLDAP, there is some related published research. The closest is the work related to cross-docking for package delivery or less-than-truckload (LTL) operations. Werners and Wülfing (2010) addressed the assignment of package groupings to staging "endpoints" and outbound loading gates (or doors) within a package sorting facility with the objective of minimizing the overall distances involved in manually transporting packages from the endpoints to the gates. This contrasts with the sorting environment that we are modeling where automated conveyors directly deliver each package to its outbound door instead of an endpoint. The authors used a hierarchical decomposition scheme to obtain solutions while incorporating some robustness considerations. Conceptually, there is a similarity between their problem and ours in that a two-level assignment is involved (package groups to endpoints and gates, and gates to tours). However, our context is significantly different so their modeling approach is not readily applicable. McAree et al. (2006) analyzed possible package sorting facility designs for hubs that primarily depend on the use of forklifts, rather than automated material handling equipment. Using two MIP models they demonstrated that optimized designs can reduce the expected total forklift travel time by 33% in comparison to manually prepared designs. Bozer and Carlo (2008) studied the problem of making inbound and outbound trailer-to-door assignments in cross-dock facilities. Their objective was to minimize the overall material handling workload in an LTL environment. Solutions were provided with a simulated annealing algorithm for facilities with up to 118 doors. Choy et al. (2011) addressed a cross-docking problem that arises at spaceconstrained logistics distribution hubs. The difficulty they faced was that the number of incoming trucks during the day exceeded the number of available docks, and that arrivals were random. Their objective was to minimize the waiting time of trucks by coordinating the pickup and delivery sequences of inbound and outbound orders in the storage areas. Solutions were found with a genetic algorithm. At a high level, their problem is reverse of ours in that they assign inbound trucks to doors rather than outbound doors to destinations as we do. However, they only consider a single sort and do not take into account loader requirements. More recently, Liao et al. (2013) proposed and evaluated several metaheuristics for inbound truck sequencing and dock assignment. McWilliams et al. (2005) also investigated the problem of scheduling a set of inbound trailers to a fixed number of unload docks at freight consolidation terminals. Their objective, though, was to minimize the time span of the parcel transfer operation without regard to trailer movement or the use of manual labor. A simulation-based scheduling procedure that used a genetic algorithm to drive the search for new solutions was proposed and tested on random instances with up to 160 unload bays.
Another area of research that is tangentially related to ours concerns airport gate assignments (e.g., see Dorndorf et al. 2007 , Yan et al. 2011 . A closer look, though, reveals that the issues are much different than those associated with the DLDAP. Similarly, the work on staff scheduling has an assignment aspect to it but the constraints and objectives are far afield (e.g., see Ernst et al. 2004 ). For example, Campbell and Diaby (2002) developed an assignment heuristic for allocating cross-trained workers to multiple departments at the beginning of a shift. Each worker had different qualifications with respect to each department. The problem was formulated as a variant of the generalized assignment problem with a concave objective function that measured department preferences. Abdelghany et al. (2006) consider the airport baggage sorting station assignment problem (ABSSAP), which is concerned with assigning flights to specific piers within baggage handling quads, with the two goals of minimizing the number of crewmembers required and balancing their workloads while adhering to a host of airline operational constraints. A conceptual similarity to our research is in the two-level assignment of crewmembers and flights to piers, which is analogous to the assignment of loaders and destinations to doors. The other similarities are in the common objectives of minimizing and balancing the workforce, and in the desirability of retaining the same pier assignment for flights that are operated multiple times within the same day (same doors for destinations, in our case). They reduce the two-level assignment to, in effect, a one-level problem by adopting the surrogate objective of reducing the number of piers used at any point in time, which should be conducive to reducing manpower costs. A greedy heuristic was developed to assign flights to piers. Ascó et al. (2011) also addressed the ABSSAP and studied several objectives including maximization of assignments (this is really a hard constraint but they indicate that in some undercapacitated situations, it may not be possible to achieve a feasible solution, hence leading to flight delays), minimization of some measure of distance cost associated with assignments, maintaining reasonable buffer times between sorts, and workload balance, which is similar to our third objective. The purpose of their paper was to describe and evaluate several constructive heuristics. In Ascó et al. (2012) , the authors discussed their evolutionary algorithm for the ABSSAP using the first three objectives. Despite the similarities between the ABSSAP and the DLD assignment problem at a conceptual level, the details and structure differ considerably so that models are not interchangeable. Also, instead of heuristics, we opt to use and solve a novel, strong MIP formulation for the two-level assignment problem with side constraints that accurately reflects the very different physical and operational constraints of the multi-sort parcel environment.
Facility Description and Problem Statement
Although no two hubs are identical, they all possess many of the same structural characteristics and have identical setup requirements. This is true across the industry for carriers with automated sorting capabilities. To add definition to the discussion we use a Southwestern hub of a major package carrier as a prototype. A schematic of the facility, which has three wings A, B and C where the secondary sort takes place, is shown in Figure 1 . At the far side of A-Wing, there is a stretch of "unload" doors that feed four primary sort conveyors that are identified at the top-left side of the diagram. The primary sort is done at a high level and continues as long as there are arriving vehicles. In all, there are eight secondary workcenters (technically, they are called "sorters" but to avoid confusion, we refer to them as workcenters) denoted by A1, A2, B1, B2, B3, B4, C1, C2 that are located on the remaining sides of the wings. A1 and A2, for example, are on the inner side of A-Wing.
The local city conveyor on the left side of the schematic represents the work area in the hub that services neighboring towns. Those packages destined for local delivery are transported using an urban fleet rather than the long-haul fleet. Adjacent to the facility is a storage yard where the tractors idle until their trailers are ready to depart, and where empty trailers are staged prior to being moved to the loading doors. A group of small, specialized vehicles move the trailers between the yard and doors as needed.
Vehicles start arriving in the late morning from the national lanes as well as from the local areas and continue throughout the day. During each of four 4-hour shifts, the following separate secondary sorts take place.
Sort 1 (Day 2:00 -6:00 pm). Typically the largest volume and a wide cross-section of destinations. Sort 2 (Twilight 7:00 -11:00 pm). The majority of volume is for local and regional destinations. Sort 3 (Midnight 12:00 -4:00 am). The focus is on "hot" lanes (primarily next day, and some twoday) with tight service requirements. Sort 4 (Sunrise 5:00 -7:30 am). The lowest volume mainly headed for terminals close to the hub but includes some distant destinations; rarely requires 4 hours. Each sort is independent of the others but the lineup of doors between sorts is critical. A trailer remains at a door until it is full or when the "cutoff" time required to make service arrives, whichever comes earlier. Because partially full trailers can often be held for further loading in subsequent sorts, it is very important to minimize the number of destinations assigned to a door. If Dallas is assigned to door 1 on sort 1 and Memphis on sort 2, then the Dallas trailer has to be moved either to the yard or to another door on sort 2 and replaced with a Memphis trailer. Although it only takes 5 to 10 minutes to switch out a trailer, it can become a logistical nightmare to move more than a few. To add precision to what we mean by a switch, we have the following. Definition 1. A switch is associated with a single door and occurs when a trailer associated with a particular destination is removed from the door and replaced with a trailer for a different destination.
More importantly, changes in destination assignments are undesirable from a managerial perspective because of their disruptiveness. Switching a destination for a loading door between sorts necessitates entering the modified lineup in the computer system that controls the automated flow of the sorted packages, and communicating the changes to the drivers, loaders, and dock supervisors in a timely fashion to ensure operational integrity. Failures in communication may result in loaders working at the wrong doors, or even drivers hooking up trailers to the wrong outbound doors, both of which can be time consuming mistakes that require immediate corrective action when detected.
Accordingly, modifying destination-to-door assignments correspond to "planned disruptions," and should not be used unless "necessary." Incorporating switches into the periodic (e.g., monthly) plan generated by the model to reduce the number of loaders is unrealistic. When the actual day-of-operation arrives, the flows are not likely to correspond to the flows used in generating the plan so the switches that were intended for reducing the number of loaders may actually turn out to have a detrimental, rather than beneficial, impact. As such, planned switches are only employed to ensure sufficient loading capacity (i.e., number of doors) exists for each of the destinations and sorts given the planned package flows. On the other hand, in a day-of-operations version of the model, using switches to reduce the number of loaders may be a reasonable approach.
In conclusion, from a managerial point of view, when generating periodic plans for the workcenters it is best to maintain what is called a universal lineup where the destination-door assignments remain static across all four sorts. This is illustrated in Figure 2 where doors 1, 2 and 3 are assigned to Dallas and doors 4 and 5 are assigned to Memphis. Notice that on sort 1, for example, doors 3, 4 and 5 are not used. When a sufficient number of doors are available, a universal lineup is always possible. Limited capacity and increasing demand, however, conspire against this type of configuration. When space is tight, a lineup similar to the one shown in Figure 3 is more likely, and in fact, may be the only feasible option. Nevertheless, there is some advantage in reducing the number of empty doors and making the lineup more compact that relates to the use of loaders. This is discussed in subsequent sections. For planning purposes, each loader can handle a maximum of V max packages/hr but this value decreases as the number of doors he is assigned increases. The productivity relationship is shown in Table 1 Two related constraints arise out of practical considerations. The first is that the destination-door assignments on each sort must be consecutive. This is illustrated in Figures 2 and 3 where there are no intervening destinations between the Dallas and Memphis doors. Empty doors within the door lineup for the same destination are permitted though, but only under limited circumstances. Such an arrangement may be desirable if it reduces the number of loaders required to handle the overall flow on a sort. Consider another example where on sort 1 Memphis has a normalized flow of 0.5 and is assigned to door 1, Dallas has a flow of 0.8 and is assigned to door 3, and Chicago has a flow of 0.4 and is assigned to door 5. Doors 2 and 4 are closed but are used for Dallas on sort 2 along with door 3. Now, if a loader can handle at most two doors, then three loaders are needed. However, if 0.35 of Dallas' flow is shifted to door 2 and the remainder is shifted to door 4, then only two loaders are needed.
The second restriction is that loaders must be assigned consecutive doors, again up to a maximum of doors n . Empty doors in sequence are counted towards doors n . Note that the consecutive door requirement is common to the facility plans of both package and LTL carriers.
We take as input the number of packages per hour sent to each secondary workcenter from the primary sorters. The planning is based on monthly averages. It is assumed that there is no interaction between the secondary workcenters so that each can be optimized independently. Additional assumptions follow.
1. All load docks are identical and can accommodate any trailer. 2. All loading is done manually by identical loaders. 3. No trailer can be preempted once a sort starts. 4. The number of doors assigned to any destination on any sort is no greater than the maximum required on any of the four sorts. 5. Each destination for which packages exist during a sort must be assigned at least one door. If more than one door is assigned, then they must be consecutive. 6. A door that is not used during a sort is not included when counting switches between sorts (e.g., see Figure 2 , door 1). Table 2 provides input data for the first workcenter at the Dallas, Texas hub. The flow is given in average packages/hr for October 2011. Of the 12 destinations listed, most have flow on all four sorts. The 13 th destination labeled "Shipment integrity" corresponds to a door assigned to trap packages for a specific customer so they can all be shipped and delivered together. For example, a customer may have placed several orders with Staples and wishes that they all be delivered at the same time on a particular day. Because these doors don't affect the analysis, they are removed in a preprocessing step. The bottom row in the table indicates the minimum number of loaders needed for the workcenter and is obtained by dividing the total flow by the loader productivity V max (= 450) and rounding up. We call this the bin packing lower bound. Table 3 gives the number of doors needed by sort for each of the 12 destinations. The values were obtained by dividing the flow in Table 2 by 450 and rounding up. For example, the flow to Florence, SC on sort 1 is 1005 packages/hr, implying that at least 1005/450 = 3 doors are required. Subsequently, we use the symbol doors ds n for the destination d, sort s entry. The bottom row of the table indicates the minimum number of doors needed by sort but without regard to the number of switches that would be incurred if these values were used. In fact, this workcenter has 21 doors; in Section 5 we show that a universal lineup is possible with only 17 doors.
In the next section, we provide some complexity results for our problem. To recap, the DLDAP seeks to assign destinations and loaders to doors in a fashion that minimizes the number of switches and required loaders, while adhering to the following constraints:
• Each destination is assigned to a contiguous set of doors • Each loader is assigned to a contiguous set of doors • Each door can be used by at most one destination and serviced by at most one loader • A maximum loading capacity applies per loader as indicated in Table 1 • The selected loaders can collectively process the package flows for all the destinations
Complexity Issues
The DLDAP is a composition of two assignment problems with side constraints. Because the basic assignment problem is polynomially solvable it is interesting to ask whether the DLDAP is as well, and if not, whether it can be solved with a pseudopolynomial-time algorithm. As we now show, the answer is no for either case. Minimum no. loaders needed = 7 6 6 3 Table 3 . Door requirements for the flow in Table 2 No. of doors needed per sort, Proposition 1. The destination-door assignment problem (DDAP) of minimizing the number of trailer switches over two or more sorts without consideration of loaders is NP-hard in the strong sense. Proof. It will be shown that given an instance of 3-PARTITION, which Garey and Johnson (1979) indicate is strongly NP-hard, an instance of DDAP with two sorts can be constructed in pseudopolynomial time.
3-PARTITION: Given n = 3m positive integers a 1 ,…,a n satisfying Without loss of generality, we can assume a j ≥ 3 for j = 1,…,n. In the DDAP that we will construct, also assume that there are two sorts, 6m destinations divided into 3 groups and m(B+2) doors.
Sort 1 has the following destinations:
Group 1: d k with total flow requiring 2 doors, k = 1,…,2m; (i.e.,
Sort 2 has the following destinations:
The key to the proof centers on showing that the 3m destinations in Group 3 can be partitioned into blocks of three destinations each (where a block is equivalent to the set S i in 3-PARTITION), such that the sum of the flow associated with the three destinations requires B doors. Let H = mB be the threshold value for switches. The question associated with the DDAP is whether there exists a door assignment such that the total number of switches is no more than H (actually equals H as shall be demonstrated shortly).
Proposed schedule. Doors are partitioned into m consecutive blocks, where each block j has the same structure with B + 2 doors. Blocks 1 and 2 are shown in Figure 4 . Figure 4 . In particular, for the three elements in each subset S j , we put the three corresponding Group 3 destinations in block j, which exactly fills the B doors in the middle of the block (e.g., r 2 ,…,r B+1 for Block 1). It can be verified that the total number of switches is H. Specifically, there is a switch between doors assigned to the Group 3 destinations in Sort 2. (3) Suppose that there is a feasible door assignment where the total number of switches is no more than H.
Then we can make the following claims regarding such a schedule. Claim 2 means that at most two Group 1 destinations can be immediately adjacent to each other; the remainder have to be separated by some Group 2 destinations in Sort 1. Due to the fact that there are 2m Group 1 destinations and m Group 2 destinations, the only possible assignment is (partially) shown in Figure 4 , i.e., in Sort 1, the assignment is Group 1, Group 2, Group 1, Group 1, Group 2, Group 1,…, Group 1, Group 2, Group 1 Consequently, this leaves m holes in Sort 2 to be filled by Group 3 destinations. In particular, each hole has exactly B doors that must be filled with three Group 3 destinations. This leads to a feasible solution of 3-PARTITION thus proving the result.  A natural question that might arise from this result concerns the related problem of minimizing the number of doors when a limit is placed on the number of switches.
Corollary 1. The problem of minimizing the number of required doors given a fixed number of switches is NP-hard in the strong sense.
Proof. Referring to the proof of Proposition 1, we change the constructed DDAP instance as follows: (i) assume that the given number of switches is H = mB, and (ii) set the threshold value of the number of needed doors to m(B+2). With these modifications, the arguments in the above proof are still valid.  As an alternative, if the problem stated in the corollary is polynomially solvable, then DDAP can also be solved in polynomial time with a binary search over the given number of switches. This would contradict Proposition 1.
Proposition 2. The loader-door assignment problem (LDAP) of minimizing the number of loaders required to handle the volume on any sort s is NP-hard in the strong sense. Note that for the LDAP, both destinations and loaders are required to be assigned to contiguous doors, and the order of the destinations is not pre-specified.
Proof. Similarly, it will be shown that an instance of 3-PARTITION can be transformed into an instance of the loader-door assignment problem (LDAP) in polynomial time.
Given an instance of 3-PARTITON, we can construct an instance of LDAP in which there are 3m destinations each with a flow a j , 3m doors each with a capacity B, and m loaders each having a capacity B and a limit of handling up to doors n = 3 consecutive doors. In such a problem, each destination will occupy only one door.
We now ask the question: Is there an ordering of the 3m destinations (which satisfies A special case of the LDAP arises for the common situation where a facility has only one sort and the sequence of destinations for the sort is pre-specified. Moreover, if the number of doors for the sort is unrestricted, a greedy algorithm can be used to find the minimum number of loaders required. The greedy algorithm and the proof the following proposition can be found in Appendix A.
Proposition 3. For the special case of the LDAP, a polynomial-time greedy algorithm can be used to find the minimum number of loaders to service all the destinations on sort s.
Finally, if the number of doors is restricted, a polynomial-time dynamic program derived from the greedy algorithm can be used to obtain the minimum number of loaders. (See Appendix A for details). These cases represent a relaxation of the full problem and so can be used to provide lower bounds on the number of loaders. This is important for daily or weekly replanning when it is desirable to maintain the sequence of destinations on each sort but perhaps add or close some doors.
Model Formulation for the DLDAP
In our initial attempt to model the problem we defined binary variables corresponding to the assignment of destinations and loaders to doors on each sort. However, this resulted in an unwieldy formulation with a very large number of variables and very complex sets of constraints required to enforce the door contiguity requirement, restrict loader productivity (which is dependent on the number of consecutive doors assigned to each loader), assign sufficient loader capacity to handle the required flows for the various destinations, and track the changes in the destination-to-door assignments (or switches), among others. The resultant MIP was deemed unpromising and abandoned.
Alternatively, we took a network approach and used door sequence patterns as the basic modeling construct. We begin with the DDAP and develop a set of constraints which ensure that the consecutive door requirement is satisfied on each sort and that a sufficient number of doors are assigned to the destinations on each sort. We then introduce consecutive door constraints for the LDAP, also using patterns as variables, to get an integrated model. For the DDAP, we make use of the following.
Definition 2.
A destination pattern is a series of consecutive doors that can be used for a destination during a sort.
In the network, there will be one node for each destination d and allowable pattern for each sort s.
Allowable patterns consist of a fixed number of consecutive doors ranging from a minimum of Table 3 ). If All allowable destination patterns are enumerated, and for each destination d, a subnetwork is set up (see Figure 5 ) with the following nodes:
• A source node (denoted by 0) with a supply of 1
• Pattern nodes at each of the four sorts with a node corresponding to each pattern • A sink node (denoted by 5) with a demand of 1 The doors for a pattern are indicated within its node. If a pattern has no doors, an 'X' is used. There are three types of arcs:
• Arcs from the source node to the pattern nodes for sort 1 representing the initial door setup used in sort 1 • Arcs from each pattern node in sort s (s = 1,2,3) to all pattern nodes in sort s + 1 to model all possible destination pattern changes, or transitions, between two consecutive sorts • Arcs from pattern nodes in sort 4 to sink node 5 A flow from the source node to the sink node determines a complete set of door assignments for the four sorts for a destination d. The full network consists of n dest subnetworks in parallel, where n dest is the total number of destinations served by the hub. Side constraints are needed to ensure that for each door r at most one pattern across all destinations is active. • No more than the maximum number of doors,
, is allowed over all sorts. Because doors are a limited resource in most facilities, using more than the maximum for any destination d should be avoided even if doing so results in a reduced number of loaders.
• It is useful to allow one door beyond ( ) doors ds n as that may result in reducing the required number of loaders (see Section 3).
• It may be desirable to assign more doors than Our primary objective is to minimize the number of switches, that is, the number of times a trailer at a door that is assigned a particular destination has to be replaced by a trailer for a different destination between sorts. Each move requires resources, is time consuming, and can lead to errors. As mentioned, trailers are sometimes placed at the wrong doors, and, if not caught early enough, could lead to a violation of the delivery service standard. When more than a single solution exists for the first objective, we also try to minimize the number of doors opened over all sorts. Our secondary objective is to minimize the number of loaders, and the third is to balance the workload.
The number of switches corresponds to the "cost" of a network arc. We do not count the first time a trailer is placed at a door at the beginning of sort s if the door has not been used previously. Given a pattern p on sort s for destination d that can transition into pattern q on sort s + 1, the number of switches involved in the transition corresponds to the number of doors in pattern p that do not appear in pattern q. The justification for this statement is that since a switch incurs a cost, no destination will be removed from a door unless the door is required for some other destination. Several examples of switches are depicted in Figure 3 . A solution to the full network when the side constraints are included provides a complete assignment of destinations to doors on each sort (i.e., a lineup) with the minimum number of required switches.
Recall that from management's point of view, it is desirable to have a universal lineup where no switches occur over the day. This is only possible when there are a sufficient number (i.e., With these ideas in mind, we now present the model for the DLDAP making use of the following notation. The constraints are presented in three parts for the network version of DLDAP: (i) flow balance for DDAP, (ii) side constraints for DDAP to ensure that for each door in a sort at most one destination pattern is selected, and (iii) loader requirements for LDAP. To make the full model more understandable, the pds x variables are explicitly expressed in terms of the transition variables q pds t in Eqs. (1b) and (1c) although this is not required for sorts 2 and 3. As a consequence, there will be a few redundant equations.
Indices

Flow balance constraints
For sort 1, exactly one pattern can be selected for each destination. 
The loader capacity serving a particular destination pattern selected on sort s for destination d must be at least as great as the required workload. 
Constraints (1i) say that the flow assigned to the set of doors selected for a particular destination d on any sort must not exceed the corresponding workload. For a given sort s and destination pattern p, when that pattern is not selected to cover destination d, then the term in parentheses on the right-hand side of (1i) equals 1 and the constraint is redundant as is (1h). Otherwise, x pds = 1 and (1i) places an upper bound on the volume assigned to the doors that are covered by pattern p. This forces (1h) and (1i) to be identical equalities.
Note that constraints (1e) imply that a specific destination pattern p can be selected for at most one destination on any sort. This allows us to replace (1h) and (1i) respectively with two sets of constraints that are both stronger and far less numerous, as shown below. 
Constraints (1h′) and (1i′) now include summations on the right-hand side over all destinations that share pattern p, while constraints (1a) -(1d) ensure that each destination is covered by exactly one pattern on each sort. Furthermore, the following is true.
Proposition 4: Replacing (1h) and (1i) with (1h′) and (1i′) leads to fewer constraints and a tighter feasible region.
Proof. For a given a sort s, (1h′) and (1i′) are defined for each p in P s , while (1h) and (1i) are defined for each destination d and each p in P ds . Depending on the number of destinations, this typically translates to an order of magnitude reduction in the number of constraints. In addition, note that (1h′) has the same left-hand side as (1h); however, the right-hand side of (1h′) is greater than or equal to that of (1h). Similarly, (1i′) and (1i) have the same left-hand side, while the right-hand-side of (1i′) is less than or equal to that of (1i). Hence, (1h′) and (1i′) are stronger than (1i) and (1h) 
Objective function Given the hierarchical nature of our objectives, we propose to minimize the weighted sum of the number of switches and the number of loaders, and deal with the lowest priority objective of maximizing loader utilization by solving a separate optimization problem conditioned on the solution to the first. Letting 1 α >> 2 α >> 3 α be three nonnegative parameters, the DLDAP objective function is: α is "much" larger than 2 α , any algorithm or commercial code used to solve model (1a) - (1l) would first minimize the number of switches without regard to the number of doors (or loaders), and then look among alternative optima for the one that minimizes the number of doors. At this point, if multiple optimal solutions still exist, then the third term in (1l) is designed to select the one that minimizes the number of loaders.
Workload balancing
An optimal solution to model (1a) - (1l) is somewhat arbitrary with respect to the flow assigned to specific doors even for fixed α values. The only requirements are that each loader be assigned no more than doors n doors, his total workload be at most V max , and that all flow for each destination be processed.
The first requirement is guaranteed by the specification of the loader pattern set L and by constraints (1f), the second by constraints (1g), and the last by (1h′), (1i′) and (1j). Since the number of packages handled by each loader can vary considerably from one solution to the next, we solve an additional optimization problem that attempts to distribute the workload among the loaders more equitably. Several objectives are possible including maximizing the minimum utilization, minimizing the variance of the workload, minimizing the sum of the deviations from the mean workload, and minimizing the maximum negative deviation from the mean. After testing each, the latter provided the best overall results with respect to solution quality and runtime. The corresponding objective is min max : 1,..., 4,
where z is the average utilization for the number of loaders found by solving (1a) -(1l).
With regard to Proposition 2, when the number of loaders is fixed, we have the following.
Corollary 2. Given a fixed number of loaders, the problem of balancing the workload is NP-hard in the strong sense.
The proof is immediate based on the proof of Proposition 2 which looks for a schedule with zero (hence minimum) load deviation. In other words, the proof of Proposition 2 actually demonstrates the NP-hardness for the feasibility problem with a given number of loaders. So generally speaking, the load balancing problem must be NP-hard since a schedule that balances the workload has to necessarily be feasible for LDAP.
Tightening the formulation
When solving combinatorial optimization problems it is often advantageous to add cuts to the formulation which remove a portion of the relaxed feasible region. If designed properly, such cuts provide a closer approximation of the convex hull of feasible points and can be critical for obtaining high-quality solutions. We tested half a dozen cuts and found several to be quite effective. The following additional notation is required to describe them. 
The right-hand-side parameter in (1m) can be calculated as follows: 
Increase_Loader_Lower_Bound_on_Sort_s
Step 1 The main idea of the lower bound procedure is to gradually increase the number of doors assigned to the loaders while accounting for the accompanying reduction in throughput. As soon as the total number of doors equals doors s n , we check to see if the loading capacity of the loaders assigned to the sort can satisfy the required flow; if not, loaders s n is increased by one loader. The process is repeated until the number of loaders is sufficient to process the overall flow. At Step 1, each loader on sort s is assigned one door and the total throughout is set to the number of loaders times the maximum number of packages that each can handle per hour. At Step 2 in the inner λ loop, we incrementally add one door to each loader while simultaneously updating the throughput. After each loader is assigned two doors, we increment the outer loop index κ and begin to assign them three doors, and so on. If and when As the number of doors assigned to a loader increases, his productivity decreases as specified in Table 1 . Therefore, we need to add the lower productivity value 
The summation on the left-hand side of (1n) is over all the loader patterns associated with sort s that have one or more doors in common with destination pattern p, as determined by R l ∩ R p . On the right-hand side, when x pds = 1 for some sort s and destination d, the number of loader patterns selected must be at least equal to the number of doors required for destination d on sort s, which is given by doors ds n . Cut 3. The total flow assigned to all the doors for sort s must equal the total demand for that sort.
The first cut (1m), which is directly derived from the flow data, significantly tightens the number of loaders required when solving the LP relaxation. The second cut (1n) is implied by (1g) -(1i′) but links the x and y variables directly. Prior to the introduction of (1m) and (1n), it was not possible to obtain feasible solutions for the problem instances we tested in the development phase of the research and, hence, their introduction was critical for obtaining a tractable model. The third cut (1o) simply states that the total workload of the loaders in a sort is exactly equal to the total flow for the sorts and was seen to be of questionable value.
Solution Methodology
Model (1) is a large-scale MIP for instances of practical size. For the test data set (Dallas) high quality solutions could not be reliably obtained with Xpress, the high-performance industrial solver we used for our computations. As a consequence, we developed a three-step sequential approach that is consistent with the preemptive nature of the three objectives described in Section 5.
Preemptive optimization steps
Step 1. (Determine minimum number of switches and find a feasible solution) Solve the network flow version of DDAP consisting of constraints (1a) - (1e) and (1k) 
Step 3 
constraints (1a) - (1n), e ≥ 0 (4e) Constraints (4b) are a linearization of the "min-max" objective function (1l′). The right-hand side indicates that if loader pattern l is selected for sort s, then the total flow at the corresponding doors r ∈ R l is constrained to fall as little as possible below the mean. Pushing up the flow for some loader pattern l 1 has the counterbalancing effect of pushing down the flow for some other pattern l 2 on the same sort. Constraint (4c) again limits the number of switches to no more than the number permitted in Step 1, while constraints (4d) restrict the number of loader patterns (i.e., loaders) on each sort to the minimum number found in the solution to the problem in Step 2. All the original constraints are also included in (4e).
The two problems defined in Step 1 proved very easy to solve with Xpress, but not so for the problems defined in Steps 2 and 3. The computational difficulties we encountered were partially overcome with the enumeration strategies discussed in the next section.
Branch and bound strategies
When solving the combined models at Step 2, we found that prioritizing the order in which the branching variables were selected greatly improved the results. The order used was as follows: 
Illustrative results
Using the data in Tables 2 and 3 , we solved each of the models outlined in the three-step procedure above. At Step 1, the universal lineup given in Table 4a was obtained for the destination-door assignments. As can be seen, each door handles only a single destination (three-digit number). The minimum number of doors required is 15 but a total of 17 is called for to avoid switches. However, there are many alternative optima, some of which offer the possibility of a reduced number of loaders. In general, it is necessary to permute several of the destination-doors assignments to get an improvement. Implicitly, this is what is happening when models (3) and (4) are solved.
If it were desirable to reduce the number of doors by one in the solution, this could be achieved by shifting a block of assignments to the right or left. For example, for destination 273 on sort 3, door 11 could be moved to door 10 to make room for destination 436 at door 11 without affecting the loader requirements. The number of switches, though, would increase by one.
Given the lineup in Table 4a , the solution to the LDAP gives the loader-door assignments shown in Table 4b along with the package flows in Table 4c . The algorithm for the first cut in Eq. (1m) gave loaders n = (8, 7, 7, 4) for the four sorts, or a total of 26 loaders (the optimal number), which is 18.2% above the initial value of 22 and 10.3% below the LDAP solution of 29. The minimum utilization is 0.055 and is associated with loader 26 (sort 4, doors 15 and 16) who handles 22 pkgs/hr. When all loaders are considered, the average utilization is 0.761. Tables 5a and 5b  Door number  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  Sort 1 239  64  444  ---450 387  83  75  ---33  37  12  51  12  105 450 450  Sort 2  ---129 246 220 164 400  ---67  ---116 116  38  209  27  199  ---450  Sort 3  ---381  19  164 236  ---92  90  187  329 267 102 374  87 295
Step 2, solving model (3) reduced the number of loaders to 26 and increased the utilization to 0.869 (results not shown). At Step 3, the solution to model (4) decreased the average utilization slightly to 0.854, bust still 14.2% above the Step 1 solution. The minimum loader utilization now increases to 0.442. The results are given in Tables 5a − 5c. As expected, loaders who are assigned more doors generally process less flow. For example, loader 1 is assigned doors 1 -2 on sort 1 and handles 303 pkgs/hr. In contrast, loader 6 is assigned doors 11 − 15 on sort 1 and handles 217 pkgs/hr. Regardless of the model solved, though, closing a single door in the lineup, such as door 12 in Table 4a , and shifting the assignments one door to the right would eliminate one door while keeping the number of loaders the same. However, the number of switches would increase by one. This type of tradeoff may be required in highly capacitated facilities.
Computational Study
To illustrate the solution methodology we now present results for four representative hubs using average workcenter flow data obtained from a well-known package carrier. All procedures were coded in Mosel and all optimization problems were solved with Xpress (Release FICO Xpress 7.2.1). A 3.16 GHz Xeon 64-bit PC with 16 GBytes of RAM was used for the computations. At Step 1, Xpress always found the optimal solution to the DDAP model (2a) -2(b) and the LDAP (2c) -(2d) in a matter of seconds so the default stopping criteria were used. For model (3a) -(3c) at Step 2 we allowed up to 40 minutes, and for model (4a) -(4e) at Step 3, we allowed up to 20 minutes.
Description of input data
The first workcenter at the Dallas hub was used in the development phase of the research. The results were presented in the previous section. For our computational study, we focused on the following four hubs: Chicago (six workcenters), Orlando (five workcenters), Rialto (eight workcenters), and Sacramento (six workcenters). The input data used to initialize the various optimization models are given in Table 6 . The first column identifies the hub and the workcenter; the second column specifies the total number of doors available (though not necessarily the number used). Columns 3 and 4 respectively indicate the "bin packing" lower bound on the number of doors required on each sort and the number of outgoing destinations also on each sort. Column 5 gives the bin packing lower bound on the number of loaders needed per sort while column 6 gives the updated lower bound found by the tightening algorithm associated with Eq. (1m). The results indicate that loaders s n is increased by one in virtually all cases. Both bin packing lower bounds were calculated using a maximum door throughput value of V max = 450.
Column 7 gives the number of destination-door patterns generated for each sort during model setup, while column 8 gives the number of loader-door patterns generated, which is the same for all sorts. The product of these values is an indication of problem size. The actual numbers of variables and constraints in each instance of model (3) are reported in Appendix B. The last column in Table 6 identifies the total package flow by sort, averaged over the planning month, which can be as low as 517 (Rialto-4 on sort 4) or as high as 5473 (Chicago-5 on sort 1). In the majority of cases, the flow decreases by sort. Table 6 . Input data and preprocessing parameter values
Results
The output statistics for the three-step procedure are summarized in Table 7 . The first column again identifies the hub and workcenter and the second column gives the total number of doors used. For Chicago-1, for example, 28 doors are available (Table 6 ) and 28 were used in the final solution, indicating that this workcenter is at capacity; for Chicago-2, only 26 of the 29 doors were assigned to destinations. The next four columns are associated with Step 1 where the minimum number of switches is found without regard to loader requirements [model (2a) - (2b) Column 3 lists the number of doors used per sort, which for Chicago-1 and -2, for example, are always less than the total available. The difference is due to the fact that the flow requirements on each sort rarely require the use of all doors needed to achieve a universal lineup without switches. Column 4 indicates that a universal lineup can be found for all workcenters except three, a surprising result since this is almost never the case in practice (more will be said about this presently). The number of loaders per sort and loader utilization are reported in columns 5 and 6, respectively. The latter statistic averages 0.81 across all 24 workcenters but can be as low as 0.0, signaling an imbalance in workload. Steps 2 and 3 are aimed at improving these measures.
Specifically, the full problem [model (3a) -(3c)] is solved at Step 2 to find the minimum number of loaders while holding the minimum number of switches fixed. The results are reported in columns 7 -9. In most cases, the number of doors used in a solution remain the same but may increase or decrease by 1 or 2 on some sorts to more evenly distribute the flow associated with the corresponding destinations (compare columns 3 and 7). Recall the simple example in Section 3 which demonstrates that shifting flow among adjacent doors may reduce the number of loaders. Changing the permutation of destinations, along with shifting flow among adjacent doors, usually results in significant reduction in the number of loaders required. This can be seen by comparing the entries in columns 5 and 8 for each workcenter. On average, the number of loaders decreased by 2.72 or 7.2%. Similarly, comparing columns 6 and 9, we see that the average utilization increased from 0.81 to 0.89, or 9.35%.
At Step 3, model (4a) -(4e) is solved in an effort to balance the workloads without increasing the number of switches or loaders. The results are reported in the last two columns of Table 7 . For virtually all hubs, the number of doors used changed by plus or minus one on at least one sort compared to the Step 2 solution. The values in columns 8 and 10 are rarely the same across sorts but there is no noticeable pattern. With respect to the minimum utilization, we see a 59.9% increase on average between the Steps 2 and 3 results. The average utilization values, though, are nearly identical, with the slight difference due to the variability in the multi-door loader assignments and associated productivities in the solution; the maximum values are always 1 regardless of model or step.
Statistics for computations
The statistics associated with the computations are reported in Table 8 for models (3) and (4). For the most part, the columns are self-explanatory. What is noteworthy is that the best solutions were almost always found within a fraction of the time allotted and that the optimality gap at termination averaged 3.07%. Of the 24 instances, 12 had a gap of 0%. The large size of the B&B trees indicates that a vast number of lineups were explored during the search. With respect to Step 3, we were able to find an improved average workload balance in 21 of the 24 instances (compare columns 9 and 11 in Table 7 ). As mentioned, this improvement was significant.
Comparison with current operations
In addition to the optimality gap, a second and third measure of solution quality are the differences between the number of switches and the number of loaders used in practice versus the numbers provided by the solution to model (3a) -(3c). For Chicago-1, for example, all 28 doors are being used currently but the number of switches in the corresponding lineup is 18 compared to 2 in the balanced solution-a remarkable reduction. With respect to the number of loaders, Table 9 highlights the differences, also for Chicago-1. The average reduction is 17.7%. A fourth measure of solution quality is loader utilization. In a similar manner, we compared the number of average packages per hour that the loaders handle in practice with the average number in the balanced solution averaged over all four sorts. The statistics are plotted in Figure 6 again for Chicago-1, where the horizontal axis corresponds to 100-package intervals. The first vertical bar represents the range from 0 to 100 pkgs/hr and the last bar, the abbreviated range from 401 to V max = 450 pkgs/hr. From the figure and with some calculations based on the disaggregated data, we can see that the balanced solution provides a much higher average workload (366 vs. 301 pkgs/hr) and a much smaller range (174 to 450 vs. 95 to 468 pkgs/hr) than current practice. Almost identical results were observed with respect to all four measures for the other workcenters for which current lineup and loader data were available. 
Summary and Conclusions
The characteristics of the destination-loader-door assignment problem at regional package sorting hubs that perform multiple daily sorts offers a variety of modeling issues and algorithmic challenges that have only now come under investigation. In this paper, we present the first formulation for the problem along with an efficient solution procedure that addresses the hierarchical nature of the objectives. The first is to minimize the number of destination switches at the loading doors, the second is to minimize the number of loaders required to handle the flow over four sorts each day, and the third is to balance the workload.
To test the procedure, we examined 24 real-world instances associated with an internationally known package carrier that operates over 100 regional hubs throughout the U.S. The results indicated that highquality solutions could be obtained within a 1-hour time limit in all cases with an average optimality gap of 3%. An additional contribution of the work was a detailed analysis of the time complexity of the two components of the general problem. We showed that the destination-door assignment subproblem and the loader-door assignment subproblem taken separately are both strongly NP-hard. Nevertheless, for the special case in which the destinations are ordered on each sort, we devised a polynomial time dynamic program to find the minimum number of loaders required.
In the future, we expect to incorporate several additional constraints into the formulation that may be important to some hubs, and to explore other solution techniques. For hubs that have very high fluctuations in demand for some destinations, it may be desirable to assign an empty door to each such destination on one or more sorts to accommodate the overflow. A second way of handling variability is to increase the demand by one or even two standard deviations for those destinations that have high variance to get a more robust solution, or to investigate the feasibility of using stochastic programming approaches. From a management point of view, it may be desirable to restrict the flow at the end doors so that the loaders assigned to them could be easily reassigned as the flow patterns change from one day to the next. For the same reason, it may be better not to assign high flow destinations to adjacent doors. Other constraints are also possible and most, including those just mentioned, can be readily incorporated in our models. Finally, the model developed for the DLDAP can be adapted for weekly or even daily replanning purposes in response to changes in package volumes. However, that would require additional functionality that limits the changes in the destination-to-door assignments from one week to the next. Preliminary work in this area has shown, for example, that when the destination lineup on each sort is fixed, optimal or near-optimal solutions can be obtained in a few seconds. 
